Matter in Horava-Lifshitz gravity by Kimpton, Ian & Padilla, Antonio
Matter in Horˇava-Lifshitz gravity
Ian Kimpton∗ and Antonio Padilla†
School of Physics and Astronomy, University of Nottingham, Nottingham NG7 2RD, UK
(Dated: February 21, 2013)
We consider the role of matter in the non-projectable version of Horˇava-Liftshitz gravity at both
a classical and a quantum level. At the classical level, we construct general forms of matter La-
grangians consistent with the reduced symmetry group and demonstrate that they must be reduced
to their relativistic form if they are to avoid sourcing the gravitational Stu¨ckelberg field. At the
quantum level we consider one loop corrections to the propagator for a relativistic scalar minimally
coupled to gravity at tree level. We find large corrections to the light cone at low energies arising
from the strength of the coupling of the scalar graviton to matter. We also find evidence that higher
order time derivatives may be generated, which is worrying if this is to be taken seriously as a UV
complete theory.
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I. INTRODUCTION
Relativity and quantum mechanics underlie much of modern fundamental physics. While both are highly successfully
in their own regimes, serious problems arise combining the two. The Standard Model excellently describes three of the
fundamental forces, while gravity is left as the black sheep, only an effective theory at the quantum level. However,
there are alternative theories with the possibility of providing a quantum theory of gravity. A recent proposal that
has attracted much interest is that of Horˇava [1]. For reviews, see [2].
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2It has been long known that GR is perturbatively non-renormalisable [3, 4]. This can be understood in terms of
its coupling constant having negative mass dimension, [GN ] = −2, leading to increasingly divergent behaviour of
higher order diagrams. Several fixes have been proposed to this such as the addition of higher order derivatives to
the gravitational theory. Since these higher derivatives alter the high-energy scaling of the propagator, the coupling
constant can become non-negative in the UV, rendering these theories power-counting renormalisable [5]. However,
the presence of higher order temporal derivatives introduces ghostly pathologies, ruling them out. Horˇava’s proposal
was to break Lorentz invariance, thereby enabling one to add higher order spatial derivatives while remaining second
order in time. The good UV behaviour is maintained, and Lorentz invariance is (hopefully) restored in the deep IR
by the renormalisation group flow1.
We will focus on the so called ‘healthy’ branch of Horˇava’s theory [6], which evades potential strong coupling [7, 8]
and constraint algebra problems [9, 10], but at the expense of introducing a new scale into the theory [11–13]. Our
main concern will not be the pure gravity sector, but the coupling of Horˇava gravity to matter. Gravity theories
coupled with matter tend to have worse quantum behaviour than pure gravity theories [3], and so even if pure Horˇava
gravity is renormalisable, does it remain so when coupled to matter? Our interest here lies in one-loop corrections to
the matter propagator. Such loops involving non-relativistic gravity fields will generically introduce Lorentz violation
in the matter sector. It is sometimes argued that supersymmetry can help suppress radiative corrections that violate
Lorentz invariance [14], although there are doubts that a supersymmetric extension of HL gravity can actually be
found [15]. Since Lorentz Invariance is highly constrained by observation (see eg. [16]) it is important to ask how
much Lorentz violation will naturally occur. It has also been argued that the scale of Lorentz violation in the matter
sector must be Mpl, not M?, due to observations of synchrotron radiation from the Crab Nebula [17]. Furthermore,
in [13] it was shown that Lorentz breaking terms in the matter sector source the Stu¨ckelberg mode in Horˇava gravity
and can then give rise to violations of the Equivalence Principle.
This paper is made up of two main parts. In the first half of the paper we construct the general form of matter
Lagrangians consistent with the reduced symmetry group of Horˇava gravity. For example, for a scalar field, the
breaking of diffeomorphism invariance (Diff) down to foliation-preserving diffeomorphism (DiffF ) allows one to add
terms to the Lagrangian such as ϕ∆2ϕ, where ∆ is the spatial Laplacian. Assuming the time derivatives are as in the
relativistic case, the general DiffF invariant actions for a scalar field and a U(1) gauge field are given by equations (17)
and (25) respectively. By imposing P and T symmetry, and equivalence up to quadratic order on Minkowski space,
we are able to present explicit forms for these actions (see equations (18) and (27)). The relevant actions are also
written in so-called Stu¨ckelberg language, where diffeomorphism invariance is restored at the expense of introducing
an extra field. Phenomenological difficulties can arise when the matter Lagrangian contains direct coupling to the
Stu¨ckelberg field [13] so we establish when such couplings are absent. It turns out that they are only absent for the
standard Lorentz invariant Lagrangians for both the scalar and the gauge field.
The second and most detailed part of the paper focusses on one-loop corrections to the scalar propagator. Quantum
scalar fields have been studied in the context of Horˇava-Lifshitz gravity at the semi-classical level [18], whereas here we
will allow gravitational fields to flow in the loops. We begin, as in [19], by assuming that the tree level theory is Lorentz
invariant, and minimally coupled to the full spacetime metric. This is primarily because we do not want to face fine-
tuning issues in the limit that gravity decouples (see [19] for discussion on this point). Since the gravity fields couple
to the scalar they can flow in loops and this generically introduces Lorentz breaking as we have already suggested.
Whilst there is some overlap with the analysis of [19], our work differs in some important ways. In particular, [19]
only consider constant loop corrections to the light cone, whereas we also consider momentum dependent corrections
from having generated higher order derivatives. We also use a different method: [19] fix the gauge and then compute
one-loop diagrams involving non-diagonal propagators. In contrast, we integrate out the constraints and work with
the propagating degrees of freedom directly. While this enables us to avoid non-diagonal propagators, our method
is not without some subtleties of its own. Note that we also use dimensional regularization so we only encounter
logarithmic divergences. The quadratic divergences found in [19] manifest themselves as large momentum dependent
corrections in our case2.
Our loop calculations reveal a number of worrying features. The first is the large renormalisation of the light cone
( ∼ 1/α & 107) at low energies and momentum. This follows from the fact that the scalar graviton is so strongly
coupled to matter but can probably be alleviated by modifying the gravitational part of the action to include terms of
the form (DiKjk)
2. The second issue is the generation of higher derivatives with respect to both space and time. The
former were expected, and kick in at the Planck scale. It turns out that the UV scaling of the scalar graviton feels
1 However, to avoid strong coupling issues, the choice where the action exactly mimics GR is not allowed, deviations from GR must be
small but non-zero.
2 We thank Maxim Pospelov for pointing this out.
3Planckian suppression so this is the scale that controls the higher order corrections. The higher time derivatives, which
also kick in at Mpl, come as more of a surprise, and not a pleasant one. They suggest the presence of a new heavy
ghost degree of freedom, spoiling the unitarity of the theory at high energies. Note that one finds similar behaviour
in perturbative General Relativity coupled to matter although then the resulting ghost can only propagate beyond
the Planck scale, outside of the regime of validity of the effective theory. In contrast, Horˇava gravity is intended as
a UV complete theory, so if the heavy ghosts are indeed present, there is no safety net offered by an effective field
theory cut-off. There is, however, some indication that this problem may be alleviated by extending the tree-level
matter action to include non-relativistic terms consistent with the Lifshitz scaling of the gravity sector. This question
deserves further investigation.
The rest of this paper is arranged as follows: in section II, we review Horˇava gravity, and in particular the non-
projectable version proposed by [6]. We then embark on the first of our two main topics in section III , constructing
matter Lagrangians that are consistent with the reduced symmetry group of Horˇava gravity. In section IV, we consider
the second of our topics, focussing on the quantum effects of matter coupled to Horˇava gravity and picking out the
interesting features. Conclusions and discussion takes place in section V, with some calculational details and formulae
presented in an appendix.
II. NON-RELATIVISTIC GRAVITY
In Horˇava gravity, full diffeomorphism invariance is broken due to the special role of time in the theory, imposing
that time derivatives appear only up to second order in the action, but allowing for higher order spatial derivatives.
We are restricted to the spacetime transformations
t→ t˜(t) xi → x˜i(t, x). (1)
The result is an additional structure to that present in GR, a preferred foliation along slices of constant time.
Recall that foliations are often introduced in GR, but there they are merely a matter of convenience. The restricted
transformation properties of time in Horˇava’s theory means it is not the case here. Two different spacetimes with
slicings differing by any more than a sole function of time correspond to different physical systems. More formally,
the transformations (1) form the diffeomorphism subgroup which preserves the foliation, DiffF (M).
The theory is most easily formulated by making an ADM split, separating the spacetime metric gµν into its spatial
and temporal components. These are written as the lapse function3 N(t, x), shift vector N i(t, x) and spatial metric
on the slice γij(t, x),
ds2 = gµνdx
µdxν = −N2dt2 + γij(dxi +N idt)(dxj +N jdt). (2)
Under (1), these fields transform as
δγij → δγij + 2D(iζj) + fγ˙ij (3a)
δNi → δNi + ∂i
(
ζjNj
)− 2ζjD[iNj] + ζ˙jγij + f˙Ni + fN˙i (3b)
δN → δN + ζj∂jN + f˙N + fN˙ , (3c)
where Di is the covariant derivative associated with γij and dots denote
d
dt .
We now construct a gravitational action consistent with (1). We impose that the theory have no higher than second
order time derivatives, to avoid the associated ghostly instabilities. However, the loss of Lorentz invariance means
that one is permitted to add higher order spatial derivatives, with the number of these denoted by 2z. The additional
spatial derivatives cause the propagator of the graviton to fall off faster in the UV than occurs in GR, and it is
therefore argued that the theory will be power-counting renormalisable. Clearly, time and space scale anisotropically
in the UV, resulting in scaling dimensions (in D + 1 dimensional spacetime) in the UV of
[t] = −z [xi] = −1 [G] = z −D. (4)
Obviously, z = 1 in a relativistic theory. We restrict ourselves to the case of D = 3 dimensions, and so for a power-
counting theory we require z ≥ 3 (since then [G] ≥ 0). Here, as is common in most QFTs, we consider the marginal
case z = 3.
3 One can also restrict the lapse function to be solely a function of time N(t). This is the projectable version of Horˇava theory, see
e.g. [20] for an overview.
4The kinetic piece of the action is constructed from the extrinsic curvature of the spatial slices,
Kij =
1
2N
(
γ˙ij − 2D(iNj)
)
. (5)
Denoting the potential (containing our spatial derivatives) by SV , the gravitational action can be written
Sgrav = M
2
pl
∫
dtd3x
√
γN
(
KijK
ij − λK2)+ SV , (6)
where Mpl is the Planck mass. This kinetic piece differs from GR by the introduction of the λ parameter. This takes
the value 1 in GR, but the reduced symmetries of Horˇava theory mean that this number is not fixed in Horˇava gravity
and indeed it is expected to run under the RG flow.
The gravitational potential is built from objects satisfying the DiffF (M) symmetry, up to sixth order in spatial
derivatives. The exhaustive list of building blocks is the (inverse) metric γij , the Ricci tensor of a slice Rij and
ai ≡ ∂i logN [6], the acceleration of spatial slices through the spacetime. We write this piece of the action as
SV = M
2
pl
∫
dtd3x
√
γN
(
R+ αaia
i +
1
M2pl
V4 +
1
M4pl
V6
)
, (7)
where the four derivative V4 and six derivative V6 terms are given by
V4 = A1RijR
ij +A2R
2 +A3RDia
i +A4(Dia
i)2 (8a)
V6 = B1(DiRjk)
2 +B2(DiR)
2 +B34RDiai +B4ai42ai (8b)
where 4 ≡ DiDi and we only include terms which are inequivalent at quadratic order around a Minkowski back-
ground4. To ensure the absence of strong coupling in the theory (needed to ensure that the theory remains pertur-
bative and so our power counting argument can hold), one needs to introduce a hierarchy of scales by making the
Bs large [6, 13]. For definiteness we assume Ai ∼ O (1) and Bi ∼ 1/α [6]. Constraints for λ and α give roughly
|1− λ| ∼ α . 10−7 [12], or B & 107. It turns out that two new scales are introduced, M? ∼
√
αMpl and Mh ∼ α1/4Mpl
[12]. Putting all these pieces together, one obtains the full action for Horˇava gravity.
As we will see in section III, it is often more illuminating to write Horˇava gravity in a form using covariant 4D
spacetime tensors. The Stu¨ckelberg trick [21] allows one to artificially restore (full) gauge invariance at the expense
of an additional scalar field. The difference between Horˇava gravity and a fully diffeomorphism invariant theory like
GR boils down to the foliation structure and the t = constant hypersurfaces. We therefore introduce the Stu¨ckelberg
field φ = φ(xµ) and redefine the foliation [6, 22]
t = constant → φ = constant, (9)
where φ is some scalar function of the spacetime coordinates. The choice φ = t obviously will give us back the original
formulation. We now introduce the unit normal to the hypersurfaces,
uµ =
∇µφ
X
X =
√−∇µφ∇µφ, (10)
where ∇ is the 4D covariant derivative associated with the 4D metric gµν . The induced metric on the spatial slices
can then be promoted to a 4D tensor,
γij → γµν = gµν + uµuν , (11)
which is a projector onto the spacelike submanifold defined by the timelike normal uµ. One can now promote all the
other relevant quantities to tensors
Kij → Kµν = 1
2
£uγµν = γ
α
(µγ
β
ν)∇αuβ (12a)
Rij → Rµν = γαµγβν γρσR(4)ρασβ +KµαKαν −KKµν (12b)
ai → aµ = uν∇νuµ, (12c)
4 Some of our expansions will go to higher order, but including just the terms here will capture all the relevant physics.
5and it is useful to introduce the spatially projected covariant derivative,
DiX
j1···jn → DµXα1···αn = γνµγα1β1 · · · γαnβn∇νXβ1···βn . (13)
We now write the action (6) in a covariant form,
Sgrav = M
2
pl
∫
d4x
√−gR(4) +4SK +4SV , (14)
where
4SK = (1− λ)M2pl
∫
d4x
√−gK2 (15a)
4SV = M2pl
∫
d4x
√−g
[
αaµaµ +
V4
M2pl
+
V6
M4pl
]
, (15b)
are the additional kinetic and potential pieces in the theory (as compared with GR), and with V4 and V6 given by the
covariantised versions of (8).
This formulation has the advantage of easy comparison with GR, and it can also be used to calculate how matter
should couple to gravity in this theory. It is easy to show (see [13]) that
γαν∇µTµν = 0 1√−g
δSm
δφ
= − 1
X
∇µφ∇νTµν , (16)
where Tµν = 2√−g
δSm
δgµν
is the energy momentum tensor derived from the matter action Sm. Note that matter sources
the Stu¨ckelberg field directly when there is some violation of energy-momentum conservation. Energy-momentum
conservation is linked to diffeomorphism invariance which is absent here, so some violation can occur. Such violations
can, in principle, lead to violations of the Equivalence Principle [13].
III. NON-RELATIVISTIC MATTER
We now consider the first main topic of this paper: what is the general form of matter Lagrangians consistent with
the DiffF (M) symmetry of Horˇava gravity? Lorentz invariant matter actions, minimally coupled to the spacetime
metric are expected to receive quantum corrections via gravity loops that spoil the Lorentz invariance. Indeed, in the
second main topic of this paper we will see explicitly how this is the case. For now, however, let us try to formulate
the relevant actions for a scalar and a U(1) gauge field, consistent with the foliation of spacetime. Of course, these will
differ from the standard Lorentz invariant actions because extra terms are allowed due to the reduced symmetry. The
relevant actions will be considered in both the ADM and Stu¨ckelberg formalisms, as in the case of the gravitational
action. The analysis here is similar to that of [23], but we also consider the possible effect of ai terms here. Note that
in keeping with the philosophy of Horˇava gravity we only consider generalisations to the potential and assume the
time derivatives enter as in the relativistic theory. This ensures the absence of ghostly instabilities, but as we will see
later on, it is not guaranteed at one loop.
A. Scalar field
For a scalar field ϕ, the generic action with a DiffF (M) invariant potential can be written in the ADM formalism
as
Sϕ =
∫
dtd3x
√
γN
[
1
2N2
(ϕ˙−N i∂iϕ)2 − 1
2
γij∂iϕ∂jϕ− V (ϕ)− F [ϕ,Di, Rij , ai, γij ]
]
. (17)
The symmetries of the Horˇava framework permit additional terms in the theory relative to GR, which F controls
(F = 0 is the usual minimally-coupled diffeomorphism invariant action). As in the gravitational sector, we will only
consider terms up to scaling dimension 6. These terms can be constructed from ϕ, Di, Rij , ai and γ
ij and make up
a general F . We will enforce P and T symmetries, neglect purely gravitational terms, and only consider inequivalent
6terms at quadratic order on Minkowski. This results in
F =α1ϕD
iai + α2ϕ4ϕ+ α3Rϕ+ β1
M2pl
Diai4ϕ+ β2
M2pl
ϕ42ϕ+ β3
M2pl
R4ϕ
+
γ1
M4pl
Diai42ϕ+ γ2
M4pl
ϕ43ϕ+ γ3
M4pl
R42ϕ,
(18)
where 4 ≡ DiDi. This list is exhaustive given our above restrictions, since terms such RijDiDjϕ are equivalent to
other terms via the Bianchi identity, and others such as RDiϕD
iϕ are ignored since they vanish at quadratic order
on Minkowski space.
These expressions can also be re-written using the Stu¨ckelberg formulation. Again, as with gravity, the action is
simpler in this formalism, and can be written
Sϕ =
∫
d4x
√−g
[
−1
2
gµν∇µϕ∇νϕ− V (ϕ)− F
]
. (19)
where F is now
F =α1ϕDµaµ + α2ϕDµDµϕ+ α3Rϕ+ β1
M2pl
DµaµDνDνϕ+ β2
M2pl
ϕ(DµDµ)2ϕ+ β3
M2pl
RDµDµϕ
+
γ1
M4pl
Dµaµ(DνDν)2ϕ+ γ2
M4pl
ϕ(DνDν)3ϕ+ γ3
M4pl
R(DνDν)2ϕ.
(20)
In this formalism, the recovery of the usual minimally coupled scalar field in the case F = 0 is clearer.
It is now possible to ask in what way the action must be constructed to avoid any coupling to the Stu¨ckelberg field
(which one may want to avoid for reasons of e.g. Equivalence Principle [13] or Lorentz violation). In fact, it is easy
to show that the only combination of terms which does not couple matter to the Stu¨ckelberg field is the usual Lorentz
invariant action with F ≡ 0.
To see this, we set δδφ
∫
d4x
√−gF = 0. Strictly speaking we only require this to vanish on-shell, but since ϕ
can be coupled to a source independently of its coupling to the Stu¨ckelberg field, it is clear that we need to impose
δ
δφ
∫
d4x
√−gF = 0 off-shell in order to guarantee δSϕδφ = 0 in all cases. Now, because the necessary cancellation
can only occur between terms with the same power of Mpl and the same number of ϕ’s, it immediately follows that
α2 = β2 = γ2 = 0, and that
δ
δφ
∫
d4x
√−g [α1ϕDµaµ + α3Rϕ] = 0 (21)
δ
δφ
∫
d4x
√−g [β1DµaµDνDνϕ+ β3RDµDµϕ] = 0 (22)
δ
δφ
∫
d4x
√−g [γ1Dµaµ(DνDν)2ϕ+ γ3R(DνDν)2ϕ] = 0 (23)
Consider equation (21). Introducing ϕ˜ =
√−g√
γ ϕ, this implies that
α3
√
γ
[
Rµν − 1
2
Rγµν
]
ϕ˜+ terms with derivatives of ϕ˜ = 0 (24)
Since this should be true for any ϕ and γµν , we conclude that α3 = 0. Furthermore, since
δ
δφ
∫
d4x
√−gϕDµaµ 6= 0,
in general, it also follows that α1 = 0. Similar arguments can be applied to equations (22) and (23) to conclude that
β1 = β3 = 0, and γ1 = γ3 = 0. It now follows that F ≡ 0, as previously stated.
B. Gauge field
We also consider a vector field Aµ invariant under a U(1) gauge symmetry (see also [24]). Our analysis will run
along much the same lines as for the scalar field. The general action, invariant under DiffF (M) can be written in
terms of ADM variables as,
SA =
1
4
∫
dtd3x
√
γN
[
2
N2
γij(F0i − FkiNk)(F0j − FljN l)− FijFklγikγjl −G
]
, (25)
7where G = 0 in the familiar relativistic case and Fµν ≡ ∂µAν−∂νAµ. There is an additional constraint on the possible
terms in G since we are demanding that the theory remain gauge invariant with respect to the U(1). In order to add
higher spatial derivatives, it is convenient to write the higher order terms containing the vector field in terms of the
magnetic field,
Bi =
1
2
εijk√
γ
Fjk, (26)
where εijk is the Levi-Civita symbol. The magnetic field corresponds to the only gauge invariant way that higher-order
spatial derivatives of A can enter5. G can be built therefore from Bi, Di, Rij , ai, γ
ij . Assuming P and T symmetry
again, the terms inequivalent at quadratic level on Minkowski and up to scaling dimension 6 are
G = α1aiB
i + α2BiB
i +
β1
M2pl
ai4Bi + β2
M2pl
Bi4Bi + β3
M2pl
(DiB
i)2 +
β4
M2pl
RDiB
i
+
γ1
M4pl
Bi42ai + γ2
M4pl
Bi42Bi + γ3
M4pl
(DiDjB
j)2 +
γ4
M4pl
R4DiBi.
(27)
In order to also write the vector field action in the Stu¨ckelberg approach, we need a four-vector expression for Bi.
The appropriate expression is
Bµ = 1
2
νµρσ√−g Fρσuν . (28)
Note that the Stu¨ckelberg coupling comes in to this term directly via the normal term uν . Proceeding as before, our
action is now the familiar
SA =
∫
d4x
√−g
[
−1
4
FµνFµν −G
]
. (29)
By making the substitutions Bi → Bµ, Di → Dµ, ai → aµ, Rij → Rµν and γij → γµν into (27), the general expression
for G can be written in this formalism. In this case, the Stu¨ckelberg field couples through the projection operator to
the matter field, as well as to the magnetic field through the normal. As with the scalar field, we note that the only
way to prevent a coupling between the matter field and the Stu¨ckelberg field is to set G ≡ 0 in our action.
IV. QUANTUM CORRECTED MATTER
We now turn to the second major topic of this paper: quantum corrections to relativistic matter Lagrangians. In
particular we will consider one loop corrections to the relativistic scalar field action with mass m and a ϕ4 interaction,
Streeϕ =
∫
dtd3x
√−g
[
−1
2
gµν∇µϕ∇νϕ− 1
2
m2ϕ2 − µ
4!
ϕ4
]
(30)
Since we are interested in the role played by the Lorentz violating gravity sector, we will include loops of gravity
fields, and expect these to induce some Lorentz violation in the scalar field theory. We will concentrate on corrections
to the scalar field propagator, including the contribution from higher order spatial derivatives, in contrast to [19] who
only considered constant corrections to the light cone. Our method also differs to that in [19]: they fix the gauge and
work with non-diagonal propagators, whereas we integrate out the constraints and work directly with the dynamical
degrees of freedom. This method has the advantage of allowing us to work with diagonal propagators, but is not
without its subtleties as we will illustrate by means of a toy model in the next section. Note that the effective action
we obtain is consistent in that the resulting classical dynamics is independent of when we impose the constraints
i.e. before we compute the equations of motion, or after.
5 The electric field corresponds to time derivatives, so additional electric field terms result in higher order time derivatives.
8A. Toy model
As a warm up to the main event we consider the following toy model of a dynamical scalar, φ, coupled to a
non-dynamical scalar, A.
L = −1
2
(∂µφ)
2 − 1
2
A4A− 1
2
m2A2 + λφ2A, (31)
where 4 ≡ ∂i∂i. Our interest lies the one-loop corrections to the propagator for φ. We can compute this in two ways:
directly from the Lagrangian (31) by defining a propagator for both φ and A; or by integrating out the non-dynamical
field, A, and only working with the dynamical degree of freedom, φ. We will compare the two methods, beginning
with the former.
The Lagrangian (31) gives rise to the following field equations
δ
δφ
∫
d4xL = φ+ 2λφA = 0 (32)
δ
δA
∫
d4xL = −(∆ +m2)A+ λφ2 = 0 (33)
and a set of Feynman rules shown in Figure 1. At one loop the correction to the φ propagator comes from the Feynman
diagrams shown in Figure 2. The one-loop correction contains a 1PI contribution and a tadpole contribution. In
p
φ φ
−i
p2
p
A A
−i
− |p|2 +m2 φ
φ
A
2iλ
FIG. 1: The Feynman rules for the Lagrangian (31)
(a) 1PI contribution (b) Tadpole contribution
FIG. 2: One-loop diagrams for the φ propagator
contrast to QED, here the tadpole contribution need not vanish. Indeed, from Figure 2a, we find the 1PI contribution
to be
1PI =
(−i
k2
)2
(2iλ)2
∫
d4p
(2pi)4
−i
p2
−i
− |k− p|2 +m2 = −
4λ2
k4
∫
d4p
(2pi)4
1
p2
(
− |k− p|2 +m2
) . (34)
whereas from Figure 2b, we find the tadpole contribution to be
tadpole =
1
2
(−i
k2
)2
(2iλ)2
∫
d4p
(2pi)4
−i
p2
−i
m2
= −2λ
2
k4
∫
d4p
(2pi)4
1
p2m2
. (35)
9Now a non-vanishing tadpole is the same as saying that the vev of the field A is non-vanishing. One could add a
counterterm to the Lagrangian of the form ∆L = (constant)A in order to eliminate this, and therefore eliminate
the tadpole. The spirit of this discussion is particularly relevant for matter loops in Horˇava gravity to be studied
in subsequent sections. The point is that in Horˇava gravity matter loops also endow the gravitational fields with
a non-trivial vev because the theory offers no solution to the cosmological constant problem. By inserting a bare
cosmological constant into the action as a counterterm one can eliminate the vevs of those fields. In the subsequent
section we will assume that this has been done by neglecting the tadpole contribution from the relevant diagrams.
To be able to neglect the tadpoles, we need to understand how they manifest themselves when we integrate out the
offending fields. To this end we integrate out the field A in the Lagrangian (31) using the constraint (33). Substituting
the constraint back in we obtain
Lreduced = −1
2
(∂µφ)
2 +
λ2
2
φ2
1
4+m2φ
2, (36)
where the term containing the inverse of 4 is formally defined using a Fourier transformation. The resulting equation
of motion is given by
δ
δφ
∫
d4xLreduced = φ+ 2λ2φ 14+m2φ
2 = 0 (37)
Note that one obtains exactly the same equation from substituting the constraint (33) into the φ equation of motion
(32), thereby illustrating the consistency of our method. The Feynman rules for the reduced Lagrangian (36) are now
shown6 in Figure 3, along with the only one-loop contribution to the propagator correction. Computing our solitary
p
φ φ
−i
p2
(a)
φ
φ
φ
φ
p2
p1
p4
p3
iλ2
2
∑
σi∈{p1,p2,p3,p4}
1
− |σ1 + σ2|+m2
(b)
(c)
FIG. 3: (a) and (b) The Feynman rules for the reduced Lagrangian (36); (c) One-loop diagrams for the φ propagator.
Feynman diagram, we obtain
1
2
(−i
k2
)2 ∫
d4p
(2pi)4
(−i
p2
)
iλ2
2
∑
perms
1
− |p3 + p4|2 +m2
. (38)
Before proceeding further, we need to consider all the permutations. Essentially, we need to find all the permutations
pairing elements of the set {p1,p2,p3,p4} with {k,−k,p,−p}, the momenta of each leg of the vertex in the relevant
diagram. Eight permutations result in p3 +p4 = p+ k, four in p3 +p4 = p− k, four in p3 +p4 = −p+ k and eight
in p3 + p4 = 0. Using the fact we are integrating over p and only care about the modulus squared, we can rewrite
these as sixteen giving k− p and eight permutations giving 0. So, the one-loop correction to the propagator gives
−λ2
k4
∫
d4p
(2pi)4
1
p2
[
4
− |k− p|2 +m2 +
2
m2
]
. (39)
6 Note the permutations of σ1 6= σ2 across the set of pis.
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Clearly, the first term in (39) is equal to the 1PI contribution (34) derived earlier, while the second is equal to the
tadpole contribution (35). Therefore, if we want to neglect the tadpole contributions for the reasons described above
we need to take care with “bubblegum diagrams” with the generic shape shown in Figure 3. In particular we should
not include permutations that lead to vanishing combinations of momenta in the relevant 4-vertex. Upon integrating
the non-dynamical field back in we now understand this as vanishing momenta being transferred to a loop by the
propagator for the non-dynamical field in the tadpole diagram. We keep this in mind when computing bubblegum
diagrams in Horˇava gravity.
B. Reduced action for Horˇava gravity coupled to a relativistic scalar field
Our goal is to identify one-loop corrections to the relativistic propagator for a scalar field coupled to Horˇava gravity.
At tree level, this theory is described by the following action
S = Sgrav + S
tree
ϕ (40)
where Sgrav is given by the action for Horˇava gravity (6) and S
tree
ϕ is given by the relativistic action (30) for a scalar
field of mass m and potential ϕ4, coupled to the spacetime metric. The Hamiltonian and momentum constraints for
this theory are
CN = δS
δN
= M2pl
√
γ
[−KijKij + λK2 +R− αaiai − 2αDiai]
+
√
γ
[
A1R
2
ij +A2R
2 +A3
(
RDia
i +
1
N
4(NR)
)
+A4
(
(Dia
i)2 +
2
N
4(NDiai)
)]
+
√
γ
M2pl
[
B1(DiRjk)
2 +B2(DiR)
2 +B3
(
4RDiai + 1
N
4(N4R)
)
+B4
(
Dia
i4Djaj + 1
N
4(N4Diai) + 1
N
42(NDiai)
)]
−√γ
[
1
2N2
(
ϕ˙−N i∂iϕ
)2
+
1
2
DiϕDiϕ+
1
2
m2ϕ2 +
µ
4!
ϕ4
]
(41a)
Ci = δS
δNi
= 2M2pl
√
γ
(
DjK
ij − λDiK)+ √γ
N
[−ϕ˙Diϕ+DiϕNjDjϕ] (41b)
We need to establish the form of the reduced action for the dynamical fields, having integrated out the constraints
up to the appropriate order. To this end, we begin by perturbing our ADM fields about Minkowski
N = 1 + n (42a)
Ni =  (∂iβ + Si) where ∂
iSi = 0 (42b)
γij = δij
(
1 + 2

Mpl
ζ
)
+ 2∂i∂jE + 2∂(iVj) +

Mpl
hij where ∂iV
i = ∂ih
ij = hii = 0, (42c)
where we have introduced the expansion parameter , and we have assumed units in which the emergent speed of light
c = 1. Note that once this expansion has been made, we will not be concerned with distinguishing between upper
or lower indices, since they will all be spatial and flat. For the matter sector, we have to ensure we replace ϕ → ϕ,
since we are also considering these as leading order perturbations to a vacuum Minkowski background.
Having performed a helicity decomposition on the metric components it is convenient to introduce projection
operators,
piij ≡ δij − ∂i∂j4
1
2
Πij|kl ≡ 1
2
(
2pii(kpil)j − piijpikl
)
, (43)
which project out the transverse and transverse-traceless components respectively. When we switch to Fourier space,
these will have a vector as a superscript, e.g. pikij in which case one replaces ∂i → ki in the above expressions. We
will also find it useful to define
f(k) :=
1− A3
M2pl
k2 + B3
M4pl
k4
α+ A4
M2pl
k2 + B4
M4pl
k4
(44)
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Some of the unphysical metric degrees of freedom can be removed by gauge fixing, others we will have to integrate
out7. It is clear from the transformations (3) that we may choose the gauge
Vi = 0 E = 0. (45)
without losing knowledge of our constraints. We have now reduced our expansion of γij to the physical scalar and
tensor. The pieces arising from N and Ni will be removed only when we integrate out the corresponding constraints.
Expanding the action order by order in , we find that
S = 2S(2) + 3S(3) + 4S(4) +O (5) (46)
where
S(2) =
∫
dtd3x
[
1
2
ϕ
(−∂2t +4−m2)ϕ+ 14hij
(
−∂2t +4+
A1
M2pl
42 − B1
M4pl
43
)
hij
+M2pln
(
α4− A4
M2pl
42 + B4
M4pl
43
)
n−M2pl(1− λ)β42β +
1
2
M2plSi4Si
+3(1− 3λ)ζ˙2 − 2ζ4ζ + (6A1 + 16A2)
M2pl
ζ42ζ − (6B1 + 16B2)
M2pl
ζ43ζ + nC(1)N + niC(1)i
]
(47a)
S(3) =
1
Mpl
∫
dtd3x
{
3
2
ζϕ˙2 − 1
2
ζ∂iϕ∂
iϕ− 3
2
m2ζϕ2 +
1
2
hij∂iϕ∂jϕ
+ αM2pl [−ζ∂in∂in+ 2Mpln∂in∂in]− 4A34ζ∂in∂in− 4
B3
M2pl
42ζ∂in∂in
+A4
[
ζ(4n)2 + 2Mpln(4n)2 − 2∂iζ∂in4n+ 4Mpl∂in∂in4n
]
+
B4
M2pl
[
ζ4n42n− ∂iζ∂in42n+ 2Mpl∂i∂in42n− ∂iζ∂i4n4n (47b)
+24n4(ζ4n) + 2Mpl4n4(n4n)−4n4(∂iζ∂in) + 2Mpl4n4(∂in∂in)]
+ 2M3pln (∂i∂jβ)
2 − 2M3plλn(4β)2 − 2M2pl(1− 3λ)ζ˙n4β + 2M3pln∂(iSj)∂iSj
+ 4M3pln∂i∂jβ∂iSj +M
2
plζ(∂i∂jβ + ∂(iSj))(∂i∂jβ + ∂(iSj))−M2plλζ(4β)2
+ 4M2pl∂iζ(∂jβ + Sj)(∂i∂jβ + ∂(iSj))− 2M2pl(1− λ)∂iζ(∂iβ + Si)4β +Mpl
(
nC
(2)
N + niC
(2)
i
)}
+ . . . ,
S(4) =
1
M2pl
∫
dtd3x
{
3
4
ζ2ϕ˙2 +
1
4
ζ2∂iϕ∂
iϕ− 3
4
m2ζ2ϕ2 +
3
2
ζhij∂iϕ∂jϕ
− 1
8
hijh
ijϕ˙2 +
1
8
hijh
ij∂kϕ∂
kϕ− 1
2
hikhjk∂iϕ∂jϕ+
1
8
m2hijhijϕ
2 (47c)
− 1
2
M2pln
2ϕ˙2 −M2plnniϕ˙∂iϕ−
1
2
M2pln
inj∂iϕ∂jϕ− 1
4!
M2plµϕ
4 +M2pl
(
nC
(3)
N + niC
(3)
i
)}
+ . . . ,
and “. . .” denote terms which are irrelevant to our subsequent calculations, and the constraints are expanded as
CN = C(1)N + 2C(2)N + 3C(3)N +O
(
4
)
and Ci = C(1)i + 2C(2)i + 3C(3)i +O
(
4
)
. Note that we do not need to consider
interactions beyond fourth order since for 1-loop corrections to the propagator we will only encounter up to four point
vertices.
7 Recall in EM, one can obtain an action in solely the two degrees of freedom by removing the longitudinal part with the transverse gauge
fixing ∂iAi = 0 and integrating out the non-dynamical field A0.
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We now integrate out the constraints by setting C
(1)
N = −C(2)N − 2C(3)N − 3C(4)N + O
(
4
)
and C
(1)
i = −C(2)i −
2C
(3)
i − 3C(4)i +O
(
4
)
, or more specifically,
2M2pl
(
−α+ A44
M2pl
− B44
2
M4pl
)
4n = 4Mpl
(
1 +
A34
M2pl
+
B342
M4pl
)
4ζ
+
2
2
(
ϕ˙2 + ∂iϕ∂
iϕ+m2ϕ2
)
+ 2H2 + 
3H3 (48a)
− 3
[
nϕ˙2 + ni∂iϕϕ˙+
1
2
hij∂iϕ∂jϕ+ ζ∂iϕ∂
iϕ
]
+O (4)
2M2pl(1− λ)42β = 2Mpl(1− 3λ)4ζ˙ − 2∂i (ϕ˙∂iϕ) + 2P2
+ 3∂i
(
∂iϕ∂jϕ(∂
jβ + Sj)
)
+ 3P3 +O
(
4
)
(48b)
M2pl4Si = −2piijϕ˙∂jϕ+ 2Q2i
+ 3piij
(
∂jϕ∂kϕ(∂kβ + Sk)
)
+ 3Q3i +O
(
4
)
(48c)
where
Hq = Hq (hij , ζ, n, β, Si) = − d
q
dq
(
1
q!
δSgrav
δN
) ∣∣∣∣
=0
(49a)
Pq = Pq (hij , ζ, n, β, Si) = ∂
i d
q
dq
(
Nγij
q!
δSgrav
δNj
) ∣∣∣∣
=0
(49b)
Qiq = Q
i
q (hij , ζ, n, β, Si) = pi
ij d
q
dq
(
Nγjk
q!
δSgrav
δNk
) ∣∣∣∣
=0
. (49c)
Of course, we obtain three equations from the two constraints as the momentum constraint can be split into its
transverse and longitudinal parts, yielding two equations. Note that Hq, Pq and Qq contain n, β and Si, which can
be removed iteratively by re-substituting (48) into the resulting expression.
We now use equations (48) to eliminate the non-dynamical field n, β and Si from the action, thereby arriving at
the reduced action for the dynamical fields, hij , ζ and ϕ.
Sreduced =
∫
dtd3x 2
[
1
2
hijO
ij|klhkl +
1
2
ζOζζ +
1
2
ϕ(−∂2t +4−m2)ϕ
]
+ 3
[
Vhϕ2 + Vζϕ2 + . . .
]
+ 4
[
Vϕ4 + Vh2ϕ2 + Vζ2ϕ2 + . . .
]
+O (5) (50)
where Oij|kl and Oζ denote complicated operators for the leading order kinetic terms for hij and ζ. There are two
important three point vertices and three important four point vertices: the hijϕ
2 vertex denoted by Vhϕ2 ; the ζϕ
2
vertex denoted by Vζϕ2 ; the ϕ
4 vertex denoted by Vϕ4 ; the hijhklϕ
2 vertex denoted by Vh2ϕ2 ; and the ζ
2ϕ2 vertex
denoted by Vζ2ϕ2 . Again, the “. . .” correspond to terms that will play no role in the 1-loop correction to the scalar
propagator, namely pure gravity vertices.
1. Feynman Rules
The precise form of these operators is best expressed in terms of the corresponding Feynman rules. Working in
Fourier space with four momentum kµ split into energy ωk and three-momentum k, we have the following tree-level
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4ϕ(k)
ϕ ϕ
4˜hij|kl(k)
hij hkl
4˜ζ(k)
ζ ζ
FIG. 4: Propagators for the dynamical fields
propagators, as shown in Figure 4:
i4˜ϕ(k) = 1−ω2k + |k|2 +m2
(51a)
i4˜hij|kl(k) =
1
2Π
k
ij|kl
−ω2k + |k|2 + A1M2pl |k|
4
+ B1
M4pl
|k|6 =:
1
2
Πkij|kli4˜h(k) (51b)
−i
(
4˜ζ(k)
)−1
= −3λ− 1
λ− 1 ω
2
k +
2
α+ A4
M2pl
|k|2 + B4
M4pl
|k|4
[
(2− α) |k|2 − (A4 + 4A3) |k|
4
M2pl
+
(
4B3 −B4 + 2A23
) |k|6
M4pl
− 4A3B3 |k|
8
M6pl
+ 2B23
|k|10
M8pl
]
, (51c)
where the indexless 4˜h has been introduced to allow us to separate the projection operator and the Green’s function.
The relevant vertices are shown in Figure 5. Our convention is that all momenta point into the vertex. The detailed
form for each vertex is presented in Appendix A.
k1
k2
Vij(k1, k2, k3) k3, ij
k1
k2
V (k1, k2, k3) k3
(a) Vhϕ2 (b) Vζϕ2
k1
k2
W (k1, k2, k3, k4)
k3
k4
k1
k2
Vijkl(k1, k2, k3, k4)
k3, ij
k4, kl k1
k2
V(k1, k2, k3, k4)
k3
k4
(c) Vϕ4 (d) Vh2ϕ2 (e) Vζ2ϕ2
FIG. 5: Three and four point vertices for the dynamical fields. The precise form of these is presented in appendix A.
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C. One-loop corrections to a scalar field propagator in Horˇava gravity
We are now ready to compute the one loop correction to the scalar propagator. To this end, the relevant 1PI
graphs are shown in Figure 6. As usual, the renormalised two-point vertex for the scalar Γrenϕϕ = Γ
tree
ϕϕ − Σ, where
= + + +
+
FIG. 6: 1-Loop corrections to the scalar propagator
Γtreeϕϕ = (∆
ϕ)−1 is the tree-level vertex and Σ is the self energy (at one loop).
Let us now compute the contributions to the self energy for each diagram. Our expressions will be given in terms
of the integrations over internal momenta although we will explicitly drop terms that will obviously vanish when this
integration is performed — e.g. terms linear in ωp.
We begin with the pure scalar bubblegum diagram shown in Figure 7. The appropriate contraction of the legs
k k
p
ϕ ϕ
FIG. 7: The pure scalar bubblegum diagram with a ϕ4 vertex
introduces a symmetry factor of two, so we find that the contribution to the self-energy is given by Σϕ4 , where
M2plΣϕ4 = M
2
pl
∫
dωpd
3p∆˜ϕ(p)
W (k,−k, p,−p)
2
=
∫
dωpd
3p∆˜ϕ(p)
[
− 1
2
ω2kω
2
p +
(
k · p+m2)2
α |p+ k|2 + A4
M2pl
|p+ k|4 + B4
M4pl
|p+ k|6
−
(
ω2pk
2 + ω2kp
2
)
|k+ p|2 +
(
1− 1
2(1− λ)
)
[(k+ p) · k]2 ω2p + [(k+ p) · p]2 ω2k
|k+ p|4 −
µ
2
M2pl
]
, (52)
Note that since we are computing a bubblegum diagram we have taken care to neglect the ‘tadpole-like’ contributions
as discussed in section IV A.
Next we consider the diagram containing hijϕ
2 vertices, shown in Figure 8. As this is not a bubblegum diagram
we don’t need to worry about tadpole effects. Taking into account the symmetries we find that the contribution to
the self energy is Σhϕ2 , where
M2plΣhϕ2 = M
2
pl
∫
dωpd
3pVij(k, p− k,−p)Vkl(−k, k − p, p)4˜ϕ(k − p)4˜hijkl(p)
=
∫
dωpd
3p
[
−1
2
Πpij|klkikjkkkl4˜ϕ(k − p)4˜h(p)
]
(53)
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k k − p
p
k
ϕ ϕ
FIG. 8: Diagram containing two hijϕ
2 vertices.
k k
p
ϕ ϕ
FIG. 9: Bubblegum diagram with a tensor graviton in the loop and a hijhklϕ
2 vertex.
Now we consider another bubblegum diagram, this time with the tensor graviton propagating around the loop, as
shown in Figure 9. The diagram contains a hijhklϕ
2 vertex and, given the symmetry factor of two, contributes a
self-energy Σh2ϕ2 where
M2plΣh2ϕ2 =
1
2
M2pl
∫
dωpd
3pVijkl(k,−k; p,−p) · 4˜hijkl(p) =
∫
dωpd
3p4˜h(p)
[
1
2
(
−ω2k + |k|2 +m2
)
− pipijkikj
]
(54)
k k − p
p
k
ϕ ϕ
FIG. 10: Diagram containing two ζϕ2 vertices
The diagram with the ζϕ2 vertices is shown in Figure 10. With the appropriate symmetry factors this gives a
self-energy contribution Σζϕ2 where
M2plΣζϕ2 = M
2
pl
∫
dωpd
3pV (k, p− k,−p)V (−k, k − p, p)4˜ϕ(k − p)4˜ζ(p)
=
∫
dωpd
3p4˜ϕ(k − p)4˜ζ(p)
[
(3 + 2f(p))ωk (ωk − ωp)− (1− 2f(p))k · (k− p)
− (3− 2f(p))m2 + 1− 3λ
1− λ
[
ω2p
|p|2p · k+
ωpωk
|p|2
(
|p|2 − 2p · k
)]]2
(55)
Finally, we consider a third bubblegum diagram, shown in Figure 11. This has the scalar graviton running through
the loop with a ζ2ϕ2 vertex. Taking care to neglect “tadpole-like” contributions, we find that the contribution to the
self-energy is given by Σζ2ϕ2 where
M2plΣζ2ϕ2 = M
2
pl
∫
dωpd
3p∆ζ(p)V(k,−k; p,−p)
=
∫
dωpd
3p∆ζ(p)
[
1
2
(
3 + 8f(p)2
)
ω2k +
1
2
[1− 8f(p)] |k|2 − 2
(
1− 3λ
1− λ
)2
ω2p
(k · p)2
|p|4 +
3
2
m2
]
(56)
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k k
p
ϕ ϕ
FIG. 11: Bubblegum diagram with a scalar graviton in the loop and a ζ2ϕ2 vertex
We cannot hope to solve these integrals exactly, but we can get a handle on their schematic properties by making
some approximations. We will examine the leading order behaviour at low spatial momentum k . M∗ and assume
for simplicity that the scalar potential vanishes (m = µ = 0) and that |α| ∼ |1 − λ|  1. In each case we Wick
rotate to Euclidean signature, and perform the integration over wp followed by the integration over p. For the latter,
we approximate |k ± p|2 ≈ |k|2 + |p|2, so that we can integrate out the angular components. We also split the
integration over |p| into different regimes, approximating the integrand accordingly. This will hopefully be evident
from the example we will work through shortly. Before doing so, however, let us quote some useful integral formulae,
in particular [25, 26]
In =
∫ ∞
0
dz
zn
z2 +A2
=
An−1
2
Γ
(
1 + n
2
)
Γ
(
1− n
2
)
(57)
For even integer values of n = 2N , this integral gives
I2N =
(−1)NA2N−1pi
2
(58)
whereas for odd integer values n = 2N + 1 it is divergent. We can regulate the divergence using dimensional
regularization, such that
I2N+1 = lim
→0
∫ ∞
0
d1+z
µ
z2N+1
z2 +A2
= (−1)NA2N
[
−2

+ ln
(
µ2
4piA2
)
− γ
]
(59)
where γ is the Euler-Masheroni constant and µ is the renormalisation scale. We will also make use of the following
integral which is finite for integer values of N∫ ∞
0
dz
z2N
(z2 +A2)(z2 +B2)
=
(−1)Npi
2
[
A2N−1 −B2N−1
A2 −B2
]
(60)
Let us now work through the simplest example to illustrate our methods. Consider Σh2ϕ2 as given by the integral
expression (54). Schematically, we write this as
Σh2ϕ2 ≈ 1
M2pl
[
#w2k
∫
dw¯pd
3p
1
w¯2p + |p|2X(|p|)
+ #|k|2
∫
dw¯pd
3p
1
w¯2p + |p|2X(|p|)
]
(61)
where # denotes (not necessarily equal) numbers of order one, and X(z) = # + # z
2
M2pl
+ # z
4
M4h
with Mh ∼ Mplα1/4
being the scale of Lorentz violation in the tensor sector [6]. Here we are obviously being sloppy with tensor structure
and have used the fact that, upon Wick rotating the energy, wp → −iw¯p, we have ∆˜h(p) = #w¯2p+|p|2X(|p|) . We begin
by using equation (58) to do the integration over wp, and then do the angular integration yielding
Σh2ϕ2 ≈ 1
M2pl
(
#w2k
∫ ∞
0
d|p| |p|√
X(|p|) + #|k|
2
∫ ∞
0
d|p| |p|√
X(|p|)
)
(62)
Now for |p|  Mh, we have X ∼ #, whereas for |p|  Mh we have X ∼ #|p|4/M4h . Thus we split this integral up
into two domains and approximate it as follows∫ ∞
0
d|p| |p|√
X(|p|) ≈ #
∫ Mh
0
d|p||p|+ #
∫ ∞
Mh
d|p|M
2
h
|p| (63)
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Note that
∫∞
Mh
d|p|M2h|p| ≈M2h
∫∞
0
d|p| |p||p|2+M2h −
∫Mh
0
d|p||p|, and so using the formula (59) for N = 0, we obtain
Σh2ϕ2 ≈ M
2
h
M2pl
[(
#

+ # ln
µ2
M2h
+ #
)
w2k +
(
#

+ # ln
µ2
M2h
+ #
)
|k|2
]
(64)
This reveals a logarithmic divergence and finite pieces that simply renormalise the constant part of the light cone,
but by an amount that is suppressed by a factor of
√
α =
M2h
M2pl
.
Using similar techniques, we arrive at the following approximations for the other contributions to the self energy
Σϕ4 ≈
(
#

+ # ln
µ2
M2∗
+ # + #
|k|2
M2∗
)
w2k +
(
#

+ # ln
µ2
M2∗
+ # + #
|k|2
M2∗
)
|k|2 (65)
Σhϕ2 ≈
[
# + # ln
|k|2
M2h
] |k|4
M2pl
(66)
Σζϕ2 ≈ 1
α
[(
#

+ # ln
µ2
M2pl
+ #
)
w2k +
(
#

+ # ln
µ2
M2pl
+ #
)
|k|2
]
+
1
M2∗
[(
# + # ln
|k|2
M2∗
)
w4k +
(
# + # ln
|k|2
M2∗
)
w2k|k|2 +
(
# + # ln
|k|2
M2∗
)
|k|4
]
(67)
Σζ2ϕ2 ≈ α
(
#

+ # ln
µ2
M2h
+
#
α
)
w2k + (1 + #α)
(
#

+ # ln
µ2
M2h
+ #
)
|k|2 (68)
where we have set wk = 0 in the denominator of the integrands for Σhϕ2 and Σζϕ2 , corresponding to equations (53)
and (55) respectively.
The first thing to note is that we have at most logarithmic divergences on account of the fact that we have used
dimensional regularization. Focussing on the finite terms it is clear that we generate terms of the form
1
α
ϕ
[
a0 + a1
∆
M2pl
+ a2
∂2t
M2pl
+ + . . .
]
ϕ¨,
1
α
ϕ
[
b0 + b1
∆
M2pl
+ . . .
]
∆ϕ (69)
where we have neglected the contribution from the ln |k|
2
M2∗
as they are not expected to be important when we properly
take into account infra-red corrections arising from a non-trivial potential (i.e. m 6= 0, µ 6= 0). There are a number of
important features to dwell upon. The first is the potentially large leading order correction to the light cone, of order
δc2 ∼ (a0 − b0)/α & 107. This large factor is a direct result of the strong coupling between matter and the scalar
graviton and suggests an unpalatable amount of fine tuning of the light cone for different particle species. Of course,
the effect may be reproduced in exactly equal measure for all particles in which case there is nothing to worry about.
It is beyond the scope of this paper to establish whether or not such an optimistic scenario occurs.
Beyond the leading order terms, we have higher derivatives with an additional Planckian suppression. This is the
relevant scale because the scalar graviton propagator, ∆˜ζ only feels the z = 3 scaling at beyond the Planck scale8.
Higher spatial derivatives were anticipated in section III, and may have been expected from the quadratic divergences
that appeared in [19]. Because they were seen to remove these divergences, it has been suggested [28] that the inclusion
of terms such as (DiKjk)
2 will help suppress these operators in the UV, beyond the scales M∗ and Mh. However, our
integrals are evaluated for low momenta k < M∗ so we do not probe the very high energy corrections in this paper.
In contrast, we did not anticipate the terms 1
M2plα
ϕ∆ϕ¨ and 1
M2plα
ϕ∂4t ϕ in section III, even though they are compatible
with the DiffF (M) symmetry. This is because we did not endeavour to generalise terms involving temporal derivatives,
consistent with the original formulation of the gravitational action. However, we now see that such terms are generated
by loop corrections, and that they alter the temporal part of the propagator in the UV. This is dangerous and will
8 From equation (51c) we see that the scalar graviton propagator behaves roughly as ∆˜ζ(k) ∼ α
w2
k
−c2(|k|)|k|2 where
c(|k|) ∼

1 |k| < M∗
M2∗/|k|2 M∗ < |k| < Mh
|k|2/M2pl |k| > Mh
.
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generically lead to ghosts. Indeed, the fourth order time derivative can be identified with a new degree of freedom
corresponding to an Ostrogradski ghost[27].
Let us consider this fourth order time derivative more closely. It stems from the Σζϕ2 contribution to the self-energy,
and in particular the piece proportional to w4k,
Σζϕ2 ⊃ i
2M2pl
ω¯4k
∫
dω¯pd
3p4˜ϕ(k − p)4˜ζ(p) (3 + 2f(p))2 (70)
where the ω¯ indicates explicitly that we have performed a Wick rotation ω → −iω¯ on all internal and external energies.
In our rough evaluation of this integral, we set w¯k = 0 inside the scalar part of the loop. One might worry that this
eliminates an important correction, so let’s see what happens when we leave it in. The Wick rotated propagators have
the approximate form
4˜ϕ(k − p) ∼ 1
(w¯k − w¯p)2 + |k− p|2 +m2 , ∆˜
ζ(p) ∼ α
w¯2p + c
2(|p|)|p|2 (71)
where c(|p|) is given in footnote 8. Using the Feynman trick then integrating over w¯p we obtain,
Σζϕ2 ⊃ pii
4M2pl
αω¯4k
∫ 1
0
dx
∫
d3p
(3 + 2f(p))
2
[x(|k− p|2 +m2) + (1− x)c2(|p|)|p|2 + x(1− x)w¯2k]3/2
(72)
Since we are interested in the role of higher order time derivatives, we may as well set the external 3 momentum to
vanish, k = 0. Now performing the integration over x and then the angles, we obtain,
Σζϕ2 ⊃ 2pi
2i
M2pl
αω¯4k
∫ ∞
0
d|p| |p| (3 + 2f(|p|))
2
(
√|p|2 +m2 + |c(|p|)||p|)
|c(|p|)|√|p|2 +m2[(√|p|2 +m2 + |c(|p|)||p|)2 + w¯2k] = 2piiM2plαω¯4k
∞∑
n=0
w¯2nk
n!
In (73)
where in the last line we have performed a Taylor expansion about w¯2k = 0, with
In = (−1)n
∫ ∞
0
d|p| |p| (3 + 2f(|p|))
2
|c(|p|)|√|p|2 +m2(√|p|2 +m2 + |c(|p|)||p|)2n+1 (74)
Now the crucial point is that, generically, each of the In is finite so the Taylor expansion is valid in some neighbourhood
of w¯2k = 0. This suggests that the higher order time derivatives are a real phenomena and not some artifact of our
rough approximations9. We will discuss the pathological implications of these higher order time derivatives and how
they may be avoided in more detail in the next section.
V. DISCUSSION
Horˇava gravity has attracted much interest in its gravitational sector. However, the knottier issue of matter in the
theory is still relatively new. In this paper we have looked at both classical and quantum effects of Horˇava gravity
coupled to matter.
Having reviewed pure Horˇava gravity in Section II, we investigated Horˇava-like matter theories in Section III.
We constructed the most general (at quadratic order around a Minkowski background) DiffF (M)invariant action of
matter coupled to gravity, obeying the usual power-counting renormalisability conditions used in Horˇava gravity and
assuming the temporal derivatives are as in the relativistic theory. We constructed these fields both in the usual ADM
composition and the Stu¨ckelberg formalism. Using this, it was easy to demonstrate that the only way of coupling
matter to gravity but not the new mode (in order to evade Lorentz invariance or Equivalence Principle violations) is
the standard Lorentz invariant matter action.
Up to this point, we worked classically. However, in Section IV, we considered the quantum corrections. In particular
we studied one loop corrections to the propagator for a scalar matter field. Our approach differed somewhat from that
of [19] in that we integrated out the constraints and worked directly with the propagating degrees of freedom. We
9 This is basically saying that the expansion of the integral about w¯2k = 0 does not contain negative powers of w¯
2
k that cancel off the
overall factor of w¯4k.
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also used dimensional regularization to (roughly) evaluate our loop integrals thereby eliminating the quadratic and
quartic divergences that appeared in [19]. These divergences now manifest themselves as large momentum dependent
corrections.
This analysis has revealed some potentially worrying features. The first is the large renormalisation of the light
cone (∼ 1/α & 107) at low energies and momentum. This arises because the scalar graviton couples so strongly to
the matter sector and was not noticed in [19] since they only focussed on divergences. Whether or not this means
light cones for different particle species must be fine tuned to one part in 107 remains to be seen. Work is under
way to repeat our analysis for U(1) gauge fields, and preliminary results are expected to be presented in [29]. What
we can say is that the situation can probably be improved by modification of the Horˇava action to include terms
such as (DiKjk)
2
, provided they are introduced sufficiently far below the Planck scale. Such terms were originally
proposed by [19] to alleviate quadratic divergences in the relative light cones of different species. Here they will act
to modify the propagator for the scalar graviton such that it becomes more weakly coupled to matter with increasing
momentum.
The second significant feature revealed by our analysis is the generation of higher order temporal derivatives. These
are perfectly compatible with the DiffF (M) symmetry, but are generically associated with Ostrogradski ghosts [27].
Higher order time derivatives are also generated in perturbative General Relativity although the corresponding ghosts
have Planckian mass and so do not propagate when the effective theory is valid. In contrast, Horˇava gravity is touted
as a UV complete theory, rather than an effective theory only valid up to some cut-off, so we can always get a ghost
to propagate because we can go to arbitrarily high energies.
Can we avoid this problem by modifying the gravitational part of the action? This seems unlikely since the origin of
the higher order time derivatives term can be traced back to the relativistic matter Lagrangian with minimal coupling
to gravity. Indeed, consider the standard action
S ∼
∫
d4x
√−ggµν∂µϕ∂νϕ, (75)
If one expands gµν = ηµν +
1
Mpl
hµν , then one obtains for the hµνϕ
2 vertex V µν = 1Mpl
[
k · qηµν − 2k(µqν)], where k, q
are the energy-momenta of the scalars and p is the energy-momentum of the graviton. Working through, one arrives
at the contribution to the scalar propagator of
∼ 1
M2pl
∫
d4pVµνρσ(k, p)4˜ϕ(k − p)4˜gravµνρσ(p), (76)
where Vµνρσ(k, p) = [k · qηµν − 2k(µqν)] [k · qηρσ − 2k(ρqσ)] and 4˜gravµνρσ(p) is some generalised graviton propagator
(which may be a sum of different helicity propagators, e.g. spin-2 tensor and spin-0 scalar gravitons), and q = k− p.
If one splits the spacetime indices (µ, ν, ρ, σ) into temporal (0) and spatial (i, j, k, l) indices, then Vijkl, V 00ij and
V0000 contain ω4k. This suggests that fourth order time derivatives will generically be generated. We cannot rule out
the possibility that the details of the graviton propagator may be such that the the ω4 dependence disappears from
the integral. Given the discussion at the end of the previous section, it seems a little optimistic to expect that this
could be achieved by a small modification of the gravitational action in Horˇava gravity.
Can we avoid the higher time derivatives by modifying the matter action? Naively one might be a little more
optimistic for the following reason. Consider the offending contribution to the self-energy given by equation (70) but
with the Wick rotated scalar propagator given by
4˜ϕ(p) ∼ 1
w¯2p +Q2(|p|)
, (77)
Working through the analysis as at the end of the previous section we find that
Σζϕ2 ⊃ 2pi
2i
M2pl
αω¯4k
∫ ∞
0
d|p| |p| (3 + 2f(|p|))
2
(|Q(|p|)|+ |c(|p|)||p|)
|c(|p|)||Q(|p|)|[(|Q(|p|)|+ |c(|p|)||p|)2 + w¯2k]
(78)
If we imagine that both propagators have a pure z = 3 scaling i.e. Q(|p|) ∼ Q0|p|3, c(|p|)|p| ∼ c0|p|3 and take
f(|p|) ∼ f0, constant then the integral evaluates as ∝ 1/w¯2k, so that the higher order time derivatives are eliminated.
Of course, given that such terms are generated anyway by quantum corrections perhaps it is natural to consider
matter Lagrangians that include an explicit z = 3 scaling in addition to the leading order relativistic piece. However,
the leading order relativistic piece will almost certainly spoil the neat cancellation we have just described which
relied on exclusively z = 3 scalings. This question deserves further investigation, not forgetting the phenomenological
implications of introducing Lorentz violating contributions to the classical matter action.
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Appendix A: Vertices
This section contains the explicit form of the vertices shown in Figure 5. In some cases, the permutations will
be done explicitly. In other cases, this will not be done (for clarity). Where it is not performed, a summation
∑
pi
is written explicitly, with the explicit permutations pi written under the vertex. Recall that all momentum ki are
ingoing. In this section only, Mpl has been set equal to one, it is fairly easy to restore these factors by dimensional
analysis.
Three point ϕh vertex — Vhϕ2
The diagram for the hijϕ
2 vertex is shown in Figure 5a where Vij(k1, k2; k3) = −k1(ik2j)
Three point ϕζ vertex — Vζϕ2
The diagram for the ζϕ2 vertex is shown in Figure 5b, where
V (k1, k2; k3) =− 3ω1ω2 + k1 · k2 − 3m2
− 2f(k3)(ω1ω2 + k1 · k2 −m2)− 1− 3λ
1− λ
ω3
|k3|2
(k1 + k2) · (ω1k2 + ω2k1) (A1)
Four point ϕ vertex — Vϕ4
The diagram for the ϕ4 vertex is shown in Figure 5c, where
W (k1, k2, k3, k4) =− 1
16
∑
pi
1
|k3 + k4|2
(
ω1ω2 + k1 · k2 −m2
) (
ω3ω4 + k3 · k4 −m2
)
α+ A4Mpl2 |k3 + k4|
2
+ B4Mpl4 |k3 + k4|
4
+
1
4
1
1− λ
∑
pi
1
|k3 + k4|4
ω1ω3(k1 + k2) · k2(k3 + k4) · k4
− 1
2
∑
pi
1
|k3 + k4|2
ω1ω3pi
k3+k4
ij k2ik4j − µ
(A2)
where
∑
pi means you sum over all permutations of {1, 2, 3, 4}.
Four point ϕh vertex — Vh2ϕ2
The diagram for the hijhklϕ
2 vertex is shown in Figure 5d, where
Vijkl(k1, k2; k3, k4) =
1
2
δi(kδl)j
(
ω1ω2 − k1 · k2 +m2
)
+ δjl (k1ik2k + k1kk2i)
+
1
|k3 + k4|2
[
1
α
〈H2〉
(
ω1ω2 + k1 · k2 −m2
)
− i
1− λ (k1 + k2) · (k2ω1 + k1ω2)〈P2〉+ 2(ω1k2m + ω2k1m)〈Q2〉m
] (A3)
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and
〈H2〉 = 1
4
δi(kδl)j
[
−ω3ω4 −A1 |k3|2 |k4|2 +B1k3 · k4 |k3|2 |k4|2
]
+
1
2
∑
3↔4
δi(kδl)j
[
|k3|2 + 3
4
k3 · k4
] [
1−A3 |k3 + k4|2 +B3 |k3 + k4|4)
]
(A4a)
− 1
4
∑
3↔4
[
1−A3 |k3 + k4|2 +B3 |k3 + k4|4)
]
δjlk3kk4i
〈P2〉 = 1
2
∑
3↔4
(±i)ω4
[
δjlk4ik3k −
1
2
(k3 + k4) · k3δi(kδl)j − λ |k3 + k4|2 δi(kδl)j
]
(A4b)
〈Q2〉m = 1
2
∑
3↔4
ω4pi
k3+k4
mn
[
−k4iδjlδnk +
1
2
k3jδi(kδl)j
]
(A4c)
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Four point ϕζ vertex — Vζ2ϕ2
The diagram for the ζ2ϕ2 vertex is shown in Figure 5e, where
V(k1, k2; k3, k4) =− 3ω1ω2 − k1 · k2 − 3m2 + 8f(k3)f(k4)ω1ω2 − 1
2
(
1− 3λ
1− λ
)2 ω3ω4
|k3|2 |k4|2
∑
pi
(k1 · k3)(k2 · k4)
− 2 1− 3λ
1− λ
(
f(k3)
ω4
|k4|2
k4 + f(k4)
ω3
|k3|2
k3
)
· (ω1k2 + ω2k1)− 2 1− 3λ
1− λ
∑
pi
ω2ω4k3 · k1
|k3|2
f(k4)
+
1
4α
ω1ω2 + k1 · k2 −m2
|k1 + k2|2
〈H2〉+ 4k1 · k2 (f(k3) + f(k4))− 16f(k3)f(k4)ω1ω2
− i
1− λ
(k1 + k2)
|k1 + k2|2
· (k2ω1 + k1ω2)〈P2〉+ 2
pik1+k2ij
|k1 + k2|2
(
ω1k2j + ω2k1j
) 〈Q2〉i
+
1
|k1 + k2|2
(ω1ω2 + k1 · k2 −m2) {(k1 + k2) · [k3f(k3) + k4f(k4)]
+f(k3)f(k4) [k3 · k4 + (k1 + k2) · (k3 + k4)]}
− 4
α
∑
pi
{[
A3 |k4|2 −B3 |k4|2
]
f(k3)
k3 · (k1 + k2)
|k1 + k2|2
(ω1ω2 + k1 · k2 −m2)
}
+
A4
α
∑
pi
(ω1ω2 + k1 · k2 −m2)
{
f(k3)
[
|k3|2 − k4 · (k1 + k2) |k3|
2
|k1 + k2|2
− k3 · k4
]
+ f(k3)f(k4)
[
2
|k3|2 |k4|2
|k1 + k2|2
+ 4 |k3|2
+ 4k4 · (k1 + k2) |k3|
2
|k1 + k2|2
+ 2k3 · k4
]}
+
B4
2α
∑
pi
(ω1ω2 + k1 · k2 −m2)
{
f(k3)
[
− |k3|4 − |k3|2 |k1 + k2|2 + k3 · k4
+ k4 · (k1 + k2) |k3|
2
|k1 + k2|2
+ k4 · (k1 + k2) |k3|2
+ k3 · k4 |k3|2 − 2 |k3|2 |k4 + k1 + k2|2
− 2 |k3 + k4|2 k32 + |k3 + k4|2 k3 · k4
+ |k3|2 |k1 + k2 + k4|
2
|k1 + k2|2
k4 · (k1 + k2)
]
+ 2f(k3)f(k4)
[
4k3 · (k1 + k2) |k4|
2
|k1 + k2|2
+ 2k3 · k4 |k1 + k2|2
+ 2 |k3 + k4|2 |k4|2 + 2 |k3|2 |k4|2 |k1 + k2 + k3|
2
|k1 + k2|2
+ 2 |k4|2 |k1 + k2 + k4|2 + 2 |k3 + k4|2 k3 · k4
+ 4 |k4|2 k3 · (k1 + k2) |k1 + k2 + k3|
2
|k1 + k2|2
]}
− 2
α
(1− 3λ)2
1− λ (ω1ω2 + k1 · k2 −m
2)
ω3ω4
|k1 + k2|2
{
1− 1
1− λ
[
(k3 · k4)2
|k3|2 |k4|2
− λ
]}
− 8 1− 3λ
(1− λ)2
∑
pi
f(k4)ω1ω3k2 · (k1 + k2)
[
((k1 + k2) · k3)2
|k|32 |k1 + k2|4
− λ|k1 + k2|2
]
+ 4
1− 3λ
1− λ
∑
pi
f(k3)
ω1ω4
|k1 + k2|2
k2 · (k1 + k2)
− 8 1− 3λ
1− λ
∑
pi
f(k4)k3 · (k1 + k2)
pik1+k2ij k2ik3jω1ω3
|k3|2 |k1 + k2|2
+ 2
1− 3λ
1− λ
ω1ω3
|k3|2
pik1+k2ij
|k1 + k2|2
{
k3i [(k3 + k4) · (k1 + k2) + 2k3 · k4]
+ k4i
[
k3 · (k1 + k2)− (1− λ) |k3|2
]}
+
1− 3λ
(1− λ)2
∑
pi
ω1ω3
|k1 + k2|2
k2 · (k1 + k2)
{
2
[(k1 + k2) · k3)]2
|k1 + k2|2 |k3|2
− 2λ+ 4k3 · (k1 + k2)k4 · (k1 + k2)|k1 + k2|2 |k3|2
+
4(k3 · k4)k3 · (k1 + k2)
|k1 + k2|2 |k3|2
− 2(1− λ)k3 · k4|k3|2
− 2(1− λ)k4 · (k1 + k2)|k1 + k2|2
}
(A5)
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where
∑
pi means you permute over {1, 2}{3, 4} and
〈H2〉 = −1− 3λ
1− λ ω3ω4
[
1 + 3λ+
1− 3λ
1− λ
(
(k3 · k4)2
|k3|2 |k4|2
− λ
)]
+
1
2
∑
3↔4
(4 |k3|2 + 6k3 · k4)
+ 4α
[
f(k3)
(
|k3|2 + k3 · k4
)
+ f(k3)f(k4)
(
2 |k3|2 − k3 · k4
)]
+
1
2
∑
3↔4
{
− |k3|2 |k4|2 (5A1 + 16A2)−A1(k3 · k4)2
+A3
[
4 |k3|2
(
|k4|2 + k3 · k4
)
− 8f(k3)
(
|k4|4 + |k3|2 |k4|2
)
+ |k3 + k4|2
(
−6k3 · k4 − 16 |k3|2 − 8f(k3) |k4|2
) ]
+A4
[
4f(k3) |k3|2
(
k3 · k4 − |k3|2
)
+ 4f(k3)f(k4)
(
2 |k3|4 − |k3|2 |k4|2
)
+ 4f(k3) |k3 + k4|2
(
k3 · k4 − 2 |k3|2
)
+ 8f(k3)f(k4) |k3 + k4|2 k3 · k4
]}
(A6a)
+
1
2
∑
3↔4
{
k3 · k4
[
|k3|2 |k4|2 (5B1 + 16B2) +B1(k3 · k4)2
]
+B3
[
− 12 |k4|6 − 4k3 · k4 |k4|4 + 8f(k3)(|k4|4 |k3|2 − |k4|6)
+ |k3 + k4|2
(
−8f(k3) |k4|4 + 8 |k4|4 − 4k3 · k4 |k4|2
)
+ |k3 + k4|4
(
6k3 · k4 + 16 |k4|2
) ]
+B4
[
4f(k3)(3 |k3|6 − k3 · k4 |k3|4) + 4f(k3)f(k4)(|k3|2 |k4|4 − 2 |k4|6)
+ 2f(k3) |k3 + k4|2 (8 |k3|4 − 2k3 · k4 |k3|2)
+ 2f(k3) |k3 + k4|4 (4 |k3|2 − 2k3 · k4)
+ 8f(k3)f(k4) |k3 + k4|4 (− |k4|2 − k3 · k4)
]}
〈P2〉 = 1
2
∑
3↔4
iω4
{
1− 3λ
1− λ f(k3)
[
− 2 |k3 + k4|2 + 2 ((k3 + k4) · k4)2
]
+
1− 3λ
1− λ
1
|k4|2
[
− 2(k3 + k4) · k3(k3 + k4) · k4 + (1− λ) |k3 + k4|2 k3 · k4
]
+ (2k3 − (1− 9λ)k4) · (k3 + k4) + 1− 3λ
1− λ (k3 + k4) · (k4 − 3k3) (A6b)
− 2λ
(
3− 1− 3λ
1− λ
)
|k3 + k4|2
}
〈Q2〉i = 1
2
∑
3↔4
ω4pi
k3+k4
ij
{
k3j
[
1− 3λ
1− λ
k4 · (k3 + k4)
|k4|2
− 2 + 31− 3λ
1− λ
]
+ k4j
[
2f(k3)k4 · (k3 + k4) + 1− 3λ
1− λ k3 · (k3 + k4) + (1− 9λ)−
1− 3λ
1− λ
k3 · k4
|k4|2
]}
(A6c)
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